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ADM MASS AND THE CAPACITY-VOLUME DEFICIT AT INFINITY
JEFFREY L. JAUREGUI
Abstract. Based on the isoperimetric inequality, G. Huisken proposed a definition of total
mass in general relativity that is equivalent to the ADM mass for (smooth) asymptotically flat
3-manifolds of nonnegative scalar curvature, but that is well-defined in greater generality. In
a similar vein, we use the isocapacitary inequality (bounding capacity from below in terms of
volume) to suggest a new definition of total mass. We prove an inequality between it and the
ADMmass, and prove the reverse inequality with harmonically flat asymptotics, or, with general
asymptotics, for exhaustions by balls (as opposed to arbitrary compact sets). This approach
to mass may have applications to problems involving low regularity metrics and convergence
in general relativity, and may have some advantages relative to the isoperimetric mass. Some
conjectures, analogs of known results for CMC surfaces and isoperimetric regions, are proposed.
1. Introduction
In general relativity, the ADM mass [3] of an asymptotically flat (AF) 3-manifold (M,g) cap-
tures the total physical mass of (M,g) viewed as a time-symmetric initial data set for Einstein’s
equation. It is defined through the formula
mADM(M,g) = lim
r→∞
1
16π
∫
Sr
(∂igij − ∂jgii) x
j
|x|dA, (1)
where the metric coefficients gij decay to δij in an appropriate coordinate chart (x
i) near infinity
and Sr is the coordinate sphere |x| = r. Bartnik [4] and Chrus´ciel [15] proved the ADM mass
is well-defined, i.e. the limit exists and is independent of the asymptotically flat coordinate
chart. When the scalar curvature is nonnegative (physically corresponding to nonnegative energy
density) and the boundary ∂M is empty or consists of minimal surfaces (corresponding to
apparent horizons of black holes), the ADM mass is known to be nonnegative, equaling zero
only for Euclidean space. This foundational result is the positive mass theorem, first proved by
Schoen and Yau [39] and by Witten [44].
Several other formulas that produce the ADM mass are known, such as the r → ∞ limit
of the Brown–York mass or the Hawking mass of Sr; see [17] and the references therein. In a
different spirit, the ADM mass can also be recovered through an expression involving the Ricci
curvature at infinity; see [35] and the references therein. All of these expressions and of course
(1) depend on, at least, first derivatives of the Riemannian metric.
Many problems in general relativity involving mass naturally lead one to consider low regu-
larity metrics and/or low regularity convergence. For example, a well-known conjecture is the
almost-equality case of the positive mass theorem: a sequence of AF manifolds of nonnega-
tive scalar curvature with ADM masses converging to zero must converge (in some appropriate
sense) to Euclidean space. However, convergence of the metric tensors in the local C2 or even C0
sense is too fine for this to be true. Some recent results such as those by Lee and Sormani [33],
Huang, Lee, and Sormani [23], and Sormani and Stavrov Allen [42] have strongly suggested such
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a statement may hold for pointed Sormani–Wenger intrinsic flat (F) convergence [43]. Closely
related but even more challenging is the direct approach to the Bartnik mass-minimization prob-
lem [5, 6], essentially showing that a sequence of AF manifolds as above, but all containing a
fixed compact set isometrically, with ADM masses limiting to the smallest possible value, must
converge outside that set to a static vacuum metric. Again, this can only hold for a relatively
weak notion of convergence, such as F , and it seems unavoidable to consider limits that are not
even manifolds but metric spaces, possibly with additional structure. Motivated in part by this
Bartnik problem, the author as well as the author and Lee showed lower semicontinuity of the
ADM mass for C2, C0 and ultimately volume-preserving F-convergence [29, 31, 32]. We refer
the reader to Sormani’s survey for further discussion of low regularity convergence problems
involving the mass and scalar curvature [41].
For low regularity problems involving mass, (1) and the other formulas mentioned above
are problematic due to the dependence on derivatives of the metric coefficients. This was one
source of motivation for Huisken’s definition of isoperimetric mass [24, 25], which is elegantly
defined using only areas and volumes (i.e., coarse quantities). The idea is that far out in the
asymptotically flat end, the Euclidean isoperimetric inequality almost holds, and the total mass
should be detectable in the deficit.
Definition 1 (Huisken [24, 25]). The isoperimetric mass of an asymptotically flat 3-manifold
(M,g) is:
miso(M,g) = sup
{Kj}
lim sup
j→∞
2
|∂∗Kj |
[
|Kj | − 1
6
√
π
|∂∗Kj |3/2
]
, (2)
where the supremum is taken over all exhaustions {Kj} of M by compact sets, and |∂∗Kj| and
|Kj | are the perimeter and volume of Kj , both with respect to g.
Note that miso ∈ [−∞,∞] is well-defined even if g is merely a C0 Riemannian metric. (See
the appendix of [32] for a treatment of perimeter for C0 Riemannian metrics. Recall that if ∂K
is smooth, the perimeter is simply the area of ∂K.)
As an example: in Euclidean 3-space, the statement |Kj | − 16√π |∂∗Kj|3/2 ≤ 0 is precisely the
classical isoperimetric inequality, so miso(R
3, δij) ≤ 0. That Euclidean 3-space has miso equal
to zero can then be seen from taking an exhaustion by round balls.
The most compelling reason for regarding miso as a “mass” is the following theorem, first
proposed by Huisken [24,25].
Theorem 2. Let (M,g) be an asymptotically flat 3-manifold of nonnegative scalar curvature
whose boundary is either empty or minimal. Then miso(M,g) = mADM (M,g).
The inequality miso(M,g) ≥ mADM (M,g) was shown by Miao using results of Fan, Shi,
and Tam (see [17]). The author and Lee proved miso(M,g) ≤ mADM (M,g) by working with
Huisken’s idea of combining mean curvature flow and inverse mean curvature flow, along with
generalizing a monotone quantity he discovered [31]. A different proof of this second inequality
was given by Chodosh, Eichmair, Shi, and Yu by showing essentially that large CMC spheres
enclose isoperimetrically optimal regions [14]. We note that both proofs of this second inequality
utilize the weak inverse mean curvature flow of Huisken and Ilmanen [26].
Thus, in nonnegative scalar curvature, the mass can be recovered from the top-order term
of the isoperimetric deficit relative to Euclidean space. An exhaustion attains the supremum
in the definition of miso when the compact sets are becoming as isoperimetrically efficient as
possible as j →∞.
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The primary purpose of this paper is to carry out an analog of Huisken’s program for defining
the mass based on the isocapacitary inequality (relating capacity to volume) in place of the
isoperimetric inequality, and to hint that the “isocapacitary mass” might be particularly well-
suited to low regularity problems. Recall the capacity of a compact set K ⊇ ∂M in an AF
3-manifold (M,g) is the number
capg(K) = inf
ψ
1
4π
∫
M
|∇ψ|2gdVg, (3)
where the infimum is taken over all locally Lipschitz functions ψ on M that vanish on K and
uniformly approach 1 at infinity. We will drop the g subscripts when the choice of metric is
clear. From standard considerations in the calculus of variations and elliptic theory, a minimizer
in (3) must be harmonic in M \K. If ∂K is mildly regular (e.g., a C1 surface), this infimum
is uniquely achieved by the capacitary potential of K, i.e. by the unique function ϕ that is
harmonic on M \K, tending to 1 at infinity, vanishing on ∂K, extended by 0 to K. Then by
the divergence theorem, cap(K) equals 14π
∫
Σ
∂ϕ
∂ν dA, where Σ is any surface enclosing K and ν
is the outward-pointing normal derivative. For example, a ball in Euclidean space has capacity
equal to its radius.
Recall that the Poincare´–Faber–Szego¨ inequality (or isocapacitary inequality) bounds the
capacity of a set from below in terms of its volume; see [37, section 3.2] for a standard proof
based on spherical symmetrization.
Theorem 3 (Poincare´–Faber–Szego¨). Let K be a compact region in Euclidean 3-space. Then
cap(K) ≥
(
3|K|
4π
)1/3
.
If equality holds and ∂K is smooth, then K is a closed ball.
Motivated by this inequality and by Huisken’s definition of isoperimetric mass, we propose:
Definition 4. Let (M,g) be an asymptotically flat 3-manifold. Define the isocapacitary (or
capacity-volume) mass of (M,g) to be
mCV (M,g) = sup
{Kj}
lim sup
j→∞
1
4π cap(Kj)2
[
|Kj | − 4π
3
cap(Kj)
3
]
, (4)
where the supremum is taken over all exhaustions {Kj} of M by compact sets.
Later we will show that mCV can be written more cleanly using the difference between the
volume radius and the capacity:
mCV (M,g) = sup
{Kj}
lim sup
j→∞
[(
3|Kj |
4π
)1/3
− cap(Kj)
]
, (5)
the form we will prefer throughout the paper. (Note that expression (4) more closely resembles
Huisken’s definition (2), but we point out in the appendix that (2) can also be rewritten using
twice the difference between the volume radius and area radius. However, the forms (2) and (4)
generalize better to higher dimensions; again, see the appendix.)
For example, mCV (R
3, δij) ≤ 0 by Theorem 3. That mCV (R3, δij) ≥ 0 can be seen by
choosing a sequence of balls of increasing radius. In general, mCV is manifestly well-defined as
an extended real number, though it is not obvious that mCV 6= ±∞.
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We point out that although the quantity
(
3|K|
4π
) 1
3 − cap(K) depends on both the geometry of
K and its complement, i.e. on all of M , mCV only depends on the geometry of the end (Lemma
11).
Our primary goal is to argue mCV is a reasonable general relativistic mass via the following
results. First, mCV is bounded below by the ADM mass:
Theorem 5. Let (M,g) be an asymptotically flat 3-manifold whose scalar curvature is nonneg-
ative outside of a compact set. Then
mCV (M,g) ≥ mADM (M,g). (6)
Second, we show the reverse inequality holds on exhaustions by coordinate balls.
Theorem 6. Let (M,g) be an asymptotically flat 3-manifold with nonnegative scalar curvature,
with ∂M empty or else consisting of minimal surfaces. Let Br be the closed coordinate ball of
radius r. Then
lim sup
r→∞
[(
3|Br|
4π
)1/3
− cap(Br)
]
≤ mADM (M,g).
Third, we are able to show the reverse of (6) for general exhaustions by assuming stronger
asymptotics on (M,g):
Theorem 7. Let (M,g) be a Riemannian 3-manifold that is harmonically flat at infinity with
nonnegative ADM mass. Then
mCV (M,g) ≤ mADM (M,g). (7)
The precise definition of harmonically flat is recalled in section 5. An immediate consequence
of Theorems 5, 7, and the positive mass theorem is:
Corollary 8. Let (M,g) be a Riemannian 3-manifold that is harmonically flat at infinity, with
nonnegative scalar curvature and boundary that is either empty or minimal. Then
mCV (M,g) = mADM (M,g).
In particular, for the Schwarzschild manifold of mass m > 0, mCV = m.
As with Huisken’s isoperimetric mass, the most difficult case seems to be showing the in-
equality (7) for general exhaustions and general asymptotically flat metrics. We conjecture this
to hold under the hypotheses in Theorem 6, i.e., the capacity-volume deficit at infinity detects
the total mass.
Aside from mCV providing another way to understand total mass in general relativity, we
suggest that mCV may be a useful tool particularly in the setting of low regularity metrics or
low regularity convergence. Just like miso, mCV is defined without use of derivatives of g. In
particular, it makes sense for C0 Riemannian metrics. We discuss in section 6 some features of
the definition that seem to behave more nicely than miso in lower regularity, considering, for
example, F convergence and Lploc convergence.
We point out that the capacity has appeared many times in the study of mass in general
relativity, recalling some instances as follows. Bartnik’s famous definition of quasi-local mass
was presented as a “nonlinear geometric capacity” [5]. As part of his proof of the Riemannian
Penrose inequality [9], Bray showed that the ADM mass of an AF 3-manifold of nonnegative
scalar curvature and minimal boundary is bounded below by the capacity of the boundary.
Bray and Miao generalized this result to produce a corresponding inequality that is valid for
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non-minimal boundary [12]. Capacity arises in the study of zero area singularities, which are
generalizations of the negative mass Schwarzschild singularity [7,10,30,38]. The author observed
the difference between the ADM mass and twice the capacity of the boundary is an invariant
of the harmonic conformal class of an AF manifold with boundary [28]. In the conformally flat
case, Schwartz as well as Freire and Schwartz proved inequalities relating the ADM mass and
the capacity [19, 40]. Very recently, Mantoulidis, Miao, and Tam proved some very interesting
upper bounds on the capacity in terms of quasi-local mass and established the isocapacitary
inequality for Schwarzschild manifolds of positive mass [34].
Outline. Section 2 includes some basic lemmas regarding capacity and the capacity-volume
mass, as well as a direct demonstration thatmCV agrees with mADM in Schwarzschild metrics of
positive mass. The proof of Theorem 5 (the lower bound onmCV ) appears in section 3. The main
ingredients in the proof are the capacity upper bound of Bray and Miao [12] and the asymptotic
estimates of Fan, Shi, and Tam [17]. The proof of Theorem 6 (the upper bound on mCV when
restricting to balls) is in section 4. This is the most subtle part of the paper. The approach
requires revisiting the proof of the Poincare´–Faber–Szego¨ inequality, a quasi-local isoperimetric
mass estimate of the author and Lee [31], and some estimates for harmonic functions in the AF
end. We also give some partial results on the conjectured inequality mCV ≤ mADM without
restricting the exhaustions, and in Corollary 19, obtain an expansion of the capacity of a large
ball in terms of the radius. Section 5 includes the proof of Theorem 7, i.e., this inequality for
harmonically flat at infinity metrics. In section 6 we discuss mCV for lower regularity metrics
and its behavior for Lploc convergence, as well as some possible advantages in its definition.
We conclude in section 7 with some conjectures regarding Bernoulli surfaces and isocapacitary
regions, based on analogy with constant mean curvature surfaces and isoperimetric regions. A
brief appendix shows some facts about Huisken’s isoperimetric mass.
2. Definition, lemmas, and the Schwarzschild case
Definition 9. A smooth, connected Riemannian 3-manifold (M,g), possibly with compact
boundary, is asymptotically flat (AF) if there exists a compact set K ⊂M and a diffeomorphism
Φ : M \ K → R3 \ B, for a closed ball B, such that in the asymptotically flat coordinates
x = (x1, x2, x3) given by Φ, we have
gij = δij + σij, (8)
where, for some constant τ > 12 (the order), we have
σij = O(|x|−τ ), ∂kσij = O(|x|−τ−1), ∂k∂ℓσij = O(|x|−τ−2)
as |x| → ∞. Moreover, we require the scalar curvature of g to be integrable.
Remark 1. In [17], decay is also assumed for third derivatives of σij. However, the parts of
that paper we will use only require decay through second derivatives. In some other cases, cited
results assume τ = 1, but only τ > 12 is needed.
Lemma 10. Expressions (4) and (5) for the isocapacitary mass mCV are equal.
Proof. We claim that in the definition (4) of mCV , one may restrict to exhaustions {Kj} such
that
lim
j→∞
|Kj |
cap(Kj)3
=
4π
3
. (9)
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First, by the isocapacitary inequality (Theorem 3), it can readily be shown for any exhaustion
lim sup
j→∞
|Kj |
cap(Kj)3
≤ 4π
3
,
since g becomes more and more uniformly equivalent to δ on M \Kj as j →∞ by asymptotic
flatness.
Second, for the reverse, we use a similar idea to [31, Lemma 16]. Let {Kj} be an exhaustion
of M by compact sets, so |Kj | → ∞. Then for all j sufficiently large, there exists a unique
rj > 0 so that the closed coordinate ball Brj has the same volume as Kj . Define
K ′j =
{
Kj , if cap(Kj) ≤ cap(Brj )
Brj if cap(Kj) > cap(Brj ),
and note {K ′j} is an exhaustion of M . Then
lim inf
j→∞
|K ′j |
cap(K ′j)3
≥ lim inf
j→∞
|Brj |
cap(Brj)
3
.
Since rj → ∞, the right-hand side equals 4π3 by asymptotic flatness. Moreover, K ′j has the
same volume as Kj and less capacity, so that the sequence {K ′j} is a better competitor for the
supremum in (4) than {Kj}. This shows the claim.
Now, let {Kj} be an exhaustion of M by compact sets such that (9) holds. Let vj be the
volume radius and cj the capacity of Kj . In particular, lim
j→∞
vj/cj = 1.
Then the term appearing in the definition of mCV , i.e. (4), is
1
4π cap(Kj)2
(
|Kj | − 4π
3
cap(Kj)
3
)
=
1
4πc2j
(
4π
3
v3j −
4π
3
c3j
)
=
1
3c2j
(vj − cj)(v2j + cjvj + c2j).
Since vj/cj limits to 1, we have
lim sup
j→∞
1
4π cap(Kj)2
(
|Kj | − 4π
3
cap(Kj)
3
)
= lim sup
j→∞
(vj − cj).
In particular, “≤” holds between (4) and (5), and the reverse inequality follows from a similar
argument.

Note that the capacity is well-defined for any compact set in a (non-compact) C0 Riemannian
manifold (M,g) (i.e., where M is a smooth n-manifold and g is a symmetric, positive-definite,
continuous covariant 2-tensor), since
∫ |∇φ|2gdVg continues to be defined.
Lemma 11. Suppose (M,g) is an asymptotically flat 3-manifold. The value of mCV (M,g) only
depends on the AF end. More generally and precisely, we have the following. Let g′ be any C0
Riemannian metric on M that is uniformly equivalent to g (possibly g = g′). If A ⊃ ∂M is any
bounded open subset of M with smooth boundary, then mCV (M,g
′) = mCV (M \ A, g′|M\A).
Proof. Let {Kj} be an exhaustion of M by compact sets. By truncating finitely many terms,
we may assume every Kj contains A. Note that K˜j = Kj \A forms an exhaustion of M \A by
compact sets. Since Kj contains A, the capacities of K˜j in M \ A and of Kj in M are equal
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with respect to g′. On the other hand, their volumes differ by a fixed constant, namely |A|g′ .
In particular,
|K˜j |1/3g′ = |Kj \ A|
1/3
g′ = |Kj |
1/3
g′ +O(|Kj |
−2/3
g′ ).
Since |Kj |g′ →∞ as j →∞ since g′ is uniformly equivalent to an AF metric, we have
lim sup
j→∞
((
3|Kj |g′
4π
)1/3
− capg′(Kj)
)
= lim sup
j→∞

(3|K˜j |g′
4π
)1/3
− capg′(K˜j)

 ,
which implies the claim mCV (M,g
′) ≤ mCV (M \ A, g′|M\A). The reverse inequality follows
similarly, beginning with an exhaustion of M \A and taking the union of each compact set with
A. 
The following general smoothing result will be useful.
Lemma 12. Let (M,g) be a non-compact C0 Riemannian n-manifold.
(a) Given a compact set K ⊂ M and ǫ > 0, there exists a compact set Kǫ ⊃ K with smooth
boundary such that |Kǫ \K|g < ǫ and 0 ≤ capg(Kǫ)− capg(K) < ǫ.
(b) In particular, in Definition 4 of mCV (for n = 3), one may without loss of generality consider
compact exhaustions {Kj} such that each Kj has smooth boundary.
Proof. First, let K be a compact set in a smooth, non-compact, Riemannian n-manifold (M,g).
By a well-known theorem of Whitney, there exists a smooth function f ≥ 0 onM with f−1(0) =
K. Since K is compact, we may without loss of generality assume f−1[0, 1] is compact.
For δ ∈ (0, 1), Kδ = f−1[0, δ] ⊃ K is compact. It is well known (see [16, Theorem 4.15], for
example) that
lim
δ→0
cap(Kδ) = cap
( ⋂
δ∈(0,1)
Kδ
)
= cap(K).
Thus, we can make 0 ≤ cap(Kδ)− cap(K) as small as desired. By the co-area formula,
|Kδ | − |K| =
∫ δ
0
∫
f−1(t)
1
|∇f |dAdt,
so in particular the outer integral is finite for each δ. Then by the dominated convergence
theorem, we have |Kδ| → |K| as δ → 0, i.e. we can make |Kδ \K| as small as desired.
If g is only C0, then it can be approximated by smooth metrics that are arbitrarily uniformly
close, so the same properties hold, since volume and capacity are continuous under uniform
perturbations of the metric.
Finally, by Sard’s theorem ∂Kδ = f
−1(δ) is smooth for almost all δ > 0; with the above, this
implies (a).
By applying (a) to each member of an exhaustion of M , and letting ǫ → 0 as j → ∞, (b)
follows. 
We conclude this section by demonstrating the plausibility of mCV equaling mADM in general
by explaining why it is true in Schwarzschild manifolds of positive mass. This is a direct
argument; the claim also will follow from Corollary 8.
Proposition 13. For m > 0, let
gij =
(
1 +
m
2r
)4
δij
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on R3 minus the open ball of radius m2 about the origin (which we denote by M), i.e. (M,g) is
the Schwarzschild metric of mass m. Then mCV (M,g) = m.
Proof. Let Br be the set of points with Euclidean radius between
m
2 and r >
m
2 , endpoints
included. Short calculations show(
3|Br|
4π
)1/3
= r +
3m
2
+O(r−1)
cap(Br) = r +
m
2
.
(The latter can be shown by observing ϕ(x) =
1− r
|x|
1+ m
2|x|
is the capacitary potential of Br.) Then(
3|Br|
4π
)1/3
− cap(Br) = m+O(r−1),
This implies mCV ≥ mADM for Schwarzschild space. For the reverse inequality, Mantoulidis,
Miao, and Tam recently showed that for regions in the Schwarzschild manifold of positive mass
that enclose the horizon with a given volume, those bounded by standard coordinate spheres
have the least capacity [34, Theorem 1.10]. (This theorem relies on Bray’s result that such
regions are isoperimetric [8].) This implies mCV ≤ mADM . 
3. Lower bound on capacity-volume mass
In this section we prove Proposition 14 below, which immediately implies Theorem 5. To
prove this lower bound, we use an exhaustion of M by coordinate balls.
Let (M,g) be an AF 3-manifold of order τ > 12 . Fix an AF coordinate chart (x
1, x2, x3)
covering M \K, and let σij be as in Definition 9. We fix some notation that will be used in the
statement and proof.
• Sr is the coordinate sphere |x| = r.
• Br is the compact region enclosed by Sr.
• A(r) is the g-area of Sr.
• V (r) is the g-volume of Br.
• Hr is the mean curvature of Sr with respect to g (with the sign convention so that
Hr > 0 for large r).
Proposition 14. Let (M,g) be an asymptotically flat 3-manifold whose scalar curvature is
nonnegative outside of a compact set. Then
lim
r→∞
[(
3V (r)
4π
)1/3
− cap(Br)
]
≥ mADM(M,g).
In particular, mCV (M,g) ≥ mADM(M,g).
Proof. We must quantify the asymptotic behavior of V (r) and of cap(Br).
Let m denote the ADM mass of (M,g). By [17, eq. (2.28)],
V (r) =
1
2
rA(r)− 2πr
3
3
+ 2πmr2 + o(r2)
as r →∞. Also, by [17, Lemma 2.1]
A(r) = 4πr2 + 4πβ(r) +O(r2−2τ ), (10)
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where β(r) is O(r2−τ ), given explicitly by
β(r) =
1
8π
∫
Sr
hijσijdAr, (11)
where dAr is the area form on Sr with respect to g and h
ij is hij raised with respect to g
ij , with
hij being the induced metric on Sr expressed in the coordinate chart. Combining these,
V (r) =
1
2
r
(
4πr2 + 4πβ(r) +O(r2−2τ )
)− 2πr3
3
+ 2πmr2 + o(r2)
=
4
3
πr3 + 2πmr2 + 2πrβ(r) + o(r2).
Then (
3V (r)
4π
)1/3
= r
(
1 +
m
2r
+
β(r)
2r2
+ o(r−1)
)
= r +
m
2
+
β(r)
2r
+ o(1). (12)
Note the β(r)r−1 term is potentially problematic, as a priori it can be larger than the relevant
constant term m2 .
Remark 2. In a Schwarzschild (or more generally, harmonically flat) manifold, β(r)2r is equal to
m+O(r−1).
Next we turn our attention to cap(Br). We will use the upper bound on capacity due to Bray
and Miao [12] in terms of the area and Willmore energy of the boundary (generalizing the case
of a minimal boundary due to Bray [9]).
Theorem 15 (Bray–Miao, Theorem 1 of [12] ). Let (M,g) be an asymptotically flat 3-manifold
with nonnegative scalar curvature with connected, nonempty boundary ∂M . Assume M is dif-
feomorphic to the complement of a bounded domain in R3. Then
cap(∂M) ≤
√
|∂M |
16π
(
1 +
√
1
16π
∫
∂M
H2dA
)
,
where H and dA are the mean curvature and area form of ∂M . If equality holds, then (M,g) is
isometric to a rotationally symmetric subset of a Schwarzschild manifold.
Note that by the hypotheses of Proposition 14, for all r sufficiently large we may apply
Theorem 15 to M \Br, with the restriction of g thereto. Clearly, the capacity of the boundary
of this manifold equals cap(Br) in M . Then:
cap(Br) ≤
√
A(r)
16π
(
1 +
√
1
16π
∫
Sr
H2r dAr
)
. (13)
We therefore are interested in the asymptotics of the expression on the right. With an estimate
of A(r) already in hand, we study the Willmore energy term.
From [17, Lemma 2.1] we have Hr =
2
r + α(r), where α(r) is O(r
−1−τ ). Then∫
Sr
H2r dAr =
4A(r)
r2
+
4
r
∫
Sr
α(r)dAr +
∫
Sr
α(r)2dAr.
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On the other hand,
1
A(r)
(∫
Sr
HrdAr
)2
=
1
A(r)
(
2
r
A(r) +
∫
Sr
α(r)dAr
)2
=
4A(r)
r2
+
4
r
∫
Sr
α(r)dAr +
1
A(r)
(∫
Sr
α(r)dAr
)2
.
Thus, ∫
Sr
H2r dAr −
1
A(r)
(∫
Sr
HrdAr
)2
= O(r−2τ ).
By [17, Lemma 2.2], ∫
Sr
HrdAr =
A(r)
r
+ 4πr − 8πm+ o(1),
so (∫
Sr
HrdAr
)2
=
A(r)2
r2
+ 8πA(r) + 16π2r2 − 16πmA(r)
r
− 64π2mr + o(r),
and
1
A(r)
(∫
Sr
HrdAr
)2
=
A(r)
r2
+ 8π +
16π2r2
A(r)
− 16πm
r
− 64π
2mr
A(r)
+ o(r−1).
Then
1
16π
∫
Sr
H2r dAr =
A(r)
16πr2
+
1
2
+
πr2
A(r)
− m
r
− 4πmr
A(r)
+ o(r−1),
since 2τ > 1. We combine this with the expansion (10) for A(r) to obtain√
1
16π
∫
Sr
H2r dAr = 1−
m
r
+ o(r−1).
Finally,√
A(r)
16π
(
1 +
√
1
16π
∫
Sr
H2r dAr
)
=
√
r2
4
+
β(r)
4
+O(r2−2τ )
(
2− m
r
+ o(r−1)
)
=
r
2
√
1 +
β(r)
r2
+O(r−2τ )
(
2− m
r
+ o(r−1)
)
=
r
2
(
1 +
β(r)
2r2
+O(r−2τ )
)(
2− m
r
+ o(r−1)
)
= r +
β(r)
2r
− m
2
+ o(1). (14)
Combining (12) with (13) and (14), Proposition 14 follows, noting the convenient cancellation
of the β(r)r−1 terms. 
It would be interesting to determine whether nonnegative scalar curvature outside of a com-
pact set is a necessary hypothesis for the inequality mCV ≥ mADM . (We suspect it is not.) For
comparison, the inequality miso ≥ mADM does not require a sign on the scalar curvature [17].
(Note: the definition of isoperimetric mass in [17] is different, as it assumes the exhaustions are
balls. The proof therein, due to Miao, implies miso ≥ mADM for the definition we use here.)
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4. Upper bound on mCV for exhaustions by balls
In this section we prove Theorem 6, i.e. when restricting to exhaustions by balls, the ADM
mass is an upper bound for the capacity-volume mass.
One key ingredient in the proof will be the following estimate for the (quasi-local) isoperimet-
ric mass, due to the author and Lee, presented here in a slightly simplified form. (We also point
out the related result [14, Corollary C.4].) Recall the isoperimetric ratio of a bounded open set
Ω in a Riemannian 3-manifold is |∂
∗Ω|3/2
6
√
π|Ω| , and the isoperimetric constant of the manifold is the
infimum of the isoperimetric ratios of all such sets.
Theorem 16 (Theorem 17 of [31]). Given positive constants µ0, I0, and c0, there exists a con-
stant C depending only on µ0, I0, and c0 with the following property. Let (M,g) be a smooth
asymptotically flat 3-manifold with nonnegative scalar curvature and no compact minimal sur-
faces in its interior, whose boundary is empty or minimal, with mADM (M,g) ≤ µ0. Let Ω be an
outward-minimizing bounded open set in M with C1,1 boundary ∂Ω, such that Ω ⊃ ∂M . Assume
that |∂Ω| ≥ 36πµ20, that the isoperimetric ratio of Ω is at most I0, and that the isoperimetric
constant of (M,g) is at least c0. Then
2
|∂Ω|
[
|Ω| − 1
6
√
π
|∂Ω|3/2
]
≤ mADM(M,g) + C√|∂Ω| . (15)
Remark 3. Recall that a bounded open set Ω in (M,g) admits a minimizing hull Ω˜ ⊇ Ω, i.e.
a maximal open set containing Ω of the least possible perimeter. If ∂Ω is smooth, then ∂Ω˜ is
C1,1 surface (we refer the reader to section 1 of [26] for details). In this case, if Ω fails to be
outward-minimizing, then Ω˜ satisfies the hypotheses of the theorem, provided |∂Ω˜| ≥ 36πµ20. In
particular, since Ω˜ has greater volume and less perimeter than Ω, (15) holds for Ω as well (with
the same constant C). Note also we can use bounded open and compact sets interchangeably,
by the regularity assumptions on the boundary.
In Lemma 28 in the appendix, we will show the constant C can be chosen to be γ0µ
2
0(1+I
2
0c
−3
0 ),
where γ0 is a universal constant. When we use the theorem, we will simply take µ0 and c0 to
be the ADM mass and isoperimetric constant of (M,g) itself; i.e. only the isoperimetric ratio
will require additional control.
Proof of Theorem 6. First, we point out a slight discrepancy in the hypotheses of Theorems
6 and 16: the latter requires no interior minimal surfaces. However, as mCV (and obviously
mADM) only depend on the geometry of the end (Lemma 11), we can without loss of generality
replace (M,g) in Theorem 6 with the region exterior to (and including) the outermost minimal
surface (i.e., delete the “trapped region” — see [26, Lemma 4.1]).
By the positive mass theorem, we may assume without loss of generality that mADM (M,g) >
0, as the zero mass (hence, Euclidean case) is trivial.
For this direction, we seek a lower bound on capacity. Thus we are inspired by the isocapaci-
tary inequality for Euclidean space and attempt to generalize the proof, beginning by following
[37, section 3.2]. The proof we present will soon deviate once we encounter the isoperimetric
inequality; we will need to use Theorem 16 on the level sets of the potential, which will entail
obtaining precise control on these level sets.
Let Ω ⊂ M be a compact set with smooth boundary, whose interior contains ∂M . Let ϕ be
the capacitary potential of Ω, i.e. the unique g-harmonic function on M \ Ω˚ vanishing on ∂Ω
and tending to 1 at infinity. In this proof, geometric quantities will be with respect to g, unless
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they are denoted with a 0 subscript, indicating they are with respect to the Euclidean metric
in the coordinate chart.
By the co-area formula
cap(Ω) =
1
4π
∫
M\Ω
|∇ϕ|2dV = 1
4π
∫ 1
0
∫
Σt
|∇ϕ|dAdt,
where Σt = ϕ
−1(t), which is a smooth, compact surface for almost all t. The Cauchy–Schwarz
inequality gives
|Σt|2 ≤
(∫
Σt
|∇ϕ|dA
)(∫
Σt
1
|∇ϕ|dA
)
,
so
cap(Ω) ≥ 1
4π
∫ 1
0
|Σt|2∫
Σt
1
|∇ϕ|dA
dt.
The next step would be to apply the isoperimetric inequality. We postpone this by inserting
the isoperimetric ratio
I(t) =
|Σt|3/2
6
√
πV (t)
where V (t) = |Ωt| and Ωt is the compact region bounded by Σt, i.e. Ωt = Ω ∪ ϕ−1[0, t]. By the
co-area formula,
V (t) = |Ω|+
∫ t
0
∫
Σs
1
|∇ϕ|dAds,
so for almost all t,
V ′(t) =
∫
Σt
1
|∇ϕ|dA.
Then
cap(Ω) ≥ (6
√
π)
4/3
4π
∫ 1
0
V (t)4/3I(t)4/3
V ′(t)
dt
=
(6
√
π)
4/3
4π
∫ 1
0
V (t)4/3
V ′(t)
dt︸ ︷︷ ︸
I
− (6
√
π)
4/3
4π
∫ 1
0
V (t)4/3
(
1− I(t)4/3)
V ′(t)
dt︸ ︷︷ ︸
II
. (16)
Expression I can be estimated from below as follows (completely following the Euclidean case):
define R(t) via 43πR(t)
3 = V (t), so V ′(t) = 4πR(t)2R′(t) for almost all t. Then
∫ 1
0
V (t)4/3
V ′(t)
=
(
4π
3
)4/3
(4π)2
∫ 1
0
4πR(t)2
R′(t)
dt.
On R3 let S˜r denote the sphere of radius r about the origin, and let ϕ˜(t) be the (Lipschitz)
function that equals t on S˜R(t). In particular, ϕ˜(t) is a valid test function for the Euclidean
capacity of the ball B˜R(0) of radius R(0), and |∇ϕ˜(t)|0 = 1R′(t) for almost all t. Then using the
co-area formula, we have
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I =
(6
√
π)
4/3
4π
·
(
4π
3
)4/3
(4π)2
∫ 1
0
4πR(t)2
R′(t)
dt
=
1
4π
∫ 1
0
∫
S˜R(t)
|∇ϕ˜(t)|0dA0dt
=
1
4π
∫
R3\B˜R(0)
|∇ϕ˜|20dV0
≥ cap0(B˜R(0))
= R(0)
=
(
3|Ω|
4π
)1/3
(17)
since the capacity and the volume radius agree for Euclidean balls.
To address the term II in (16), we first need to understand the isoperimetric ratio I(t). For
this, we will apply Theorem 16 to the Ωt. As mentioned earlier, we will use µ0 = mADM (M,g) >
0 and c0 the (positive) isoperimetric constant of (M,g). Then in light of Lemma 28 in the
appendix and Remark 3 we have (letting m = mADM (M,g))
2
|Σt|
(
V (t)− 1
6
√
π
|Σt|3/2
)
≤ m+ γ1I(t)
2√|Σt| (18)
for almost all t, for a constant γ1 depending only on m and c0, provided the least area needed
to enclose Σt is ≥ 36πm2. (This will be verified later; we assume it to hold for now.) Below, γ2
and γ3 will be constants depending only on m and c0. Then
1
I(t)
− 1 ≤ 3
√
πm√
|Σt|
+
3
√
πγ1I(t)
2
|Σt| .
so
1− I(t)4/3 ≤ 1− 1(
1 + 3
√
πm√
|Σt|
+ 3
√
πγ1I(t)2
|Σt|
)4/3
≤ 4
√
πm√
|Σt|
+
γ2I(t)
2
|Σt| .
Thus,
II ≤ (6
√
π)
4/3
4π
(4
√
πm)
∫ 1
0
V (t)4/3√
|Σt|V ′(t)
dt︸ ︷︷ ︸
III
+γ3
∫ 1
0
I(t)2V (t)4/3
|Σt|V ′(t) dt︸ ︷︷ ︸
IV
. (19)
The goal of the proof is to show III is the ADM mass m modulo decaying terms, and IV decays
(as |Ω| gets very large).
Up to this point, the argument applied to a general region Ω, but now we specialize to the
case in which Ω is a large coordinate ball. This will allow us to gain enough control on the level
sets of the potential to unravel III and IV. We proceed to gather some estimates before doing
so.
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Assume ρ0 is sufficiently large so that Sρ is a well-defined, outward-minimizing coordinate
sphere {|x| = ρ} in M for all ρ ≥ 12ρ0. (The outward-minimizing condition can be assured
because M is foliated near infinity by coordinate spheres of positive mean curvature.) Let Bρ
be the compact region bounded by Sρ. Assume ρ ≥ ρ0. (Throughout the proof we will increase
ρ0 and always assume ρ ≥ ρ0.) Let ϕ = ϕρ be the capacitary potential for Ω = Bρ. From
asymptotic flatness, once would expect Bρ to have capacity approximately equal to ρ for large
ρ, so that ϕρ will approximately have the expansion 1− ρ|x|+ . . . at infinity. To make this precise,
from Lemma 18 below, we may increase ρ0 if necessary and find functions a1 = ρ− k1ρ1−τ and
a2 = ρ+ k1ρ
1−τ (for a constant k1 > 0 independent of ρ) so that
|c(ρ) − ρ| ≤ k1ρ1−τ
a1
|x| ≤ 1− ϕρ(x) ≤
a2
|x| (20)
a1
|x|2 ≤ |∇ϕρ(x)| ≤
a2
|x|2 (21)∣∣∣∣Hess(ϕρ)
( ∇ϕρ
|∇ϕρ| ,
∇ϕρ
|∇ϕρ|
)
+
2c(ρ)3
|x|7
∣∣∣∣ ≤ k1ρ3|x|7+τ (22)
for x ∈ M \ B˚ρ, where c(ρ) = cap(Bρ). Later we will repeatedly use the fact any pair of the
quantities ρ, c(ρ), a1, and a2 has its ratio limiting to 1 as ρ→∞.
If necessary, increase ρ0 so that
a1 ≥ 1
2
ρ (23)
for all ρ ≥ ρ0. In particular, by (21), all of the level sets Σt of ϕρ are smooth. (We omit “ρ”
from the notation for Σt and Ωt.)
From (20) it follows that
B a1
1−t
⊆ Ωt ⊆ B a2
1−t
.
In particular, ∣∣∣B a1
1−t
∣∣∣ ≤ V (t) ≤ ∣∣∣B a2
1−t
∣∣∣ (24)
and Σt encloses the coordinate sphere S a1
1−t
. Moreover, since a11−t ≥ a1 ≥ 12ρ, S a11−t is outward-
minimizing with respect to g. Then
|Σt| ≥
∣∣∣S a1
1−t
∣∣∣ . (25)
(An upper bound on |Σt| will be found later; this is more subtle.) These inequalities will
ultimately be used in (19). We also need:
V ′(t) =
∫
Σt
1
|∇ϕρ|dA ≥
∫
Σt
|x|2
a2
dA ≥ a
2
1
a2(1− t)2 |Σt| (26)
which follows from the the co-area formula, (21), and (20).
To use these estimates in III and IV, we will relate volumes and areas back to the Euclidean
metric. From the AF decay of g, it is straightforward to estimate the relatives sizes of Bρ and Sρ
with respect to g and their Euclidean counterparts. (This is recalled more precisely than needed
here in the proof of Proposition 14.) In particular, there exists a constant k2 > 0 depending
only on g, so that for ρ ≥ ρ0,
4
3
πρ3(1− k2ρ−τ ) ≤ |Bρ| ≤ 4
3
πρ3(1 + k2ρ
−τ ) (27)
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and
4πρ2(1− k2ρ−τ ) ≤ |Sρ| ≤ 4πρ2(1 + k2ρ−τ ). (28)
Now, let ǫ ∈ (0, 1) be arbitrary. By increasing ρ0 if necessary, we can be sure that k2ρ−τ < ǫ
for all ρ ≥ 12ρ0. Then combining (24) with (27) (and using (23)) we obtain
V (t) ≤ 4π
3
a32
(1− t)3
(
1 + k2
(
a2
1− t
)−τ)
≤ 4π
3
a32
(1− t)3 (1 + ǫ) , (29)
and likewise
V (t) ≥ 4π
3
a31
(1− t)3 (1− ǫ) . (30)
We also combine (25) with (28) to obtain
|Σt| ≥ 4π a
2
1
(1− t)2
(
1− k2
(
a1
1− t
)−τ)
≥ 4π a
2
1
(1− t)2 (1− ǫ) . (31)
Now we can verify the lower bound on the minimum enclosing area of Σt (which was needed
to assert (18)). Since S a1
1−t
is outward-minimizing with respect to g, and Σt encloses this surface,
the least g-area needed to enclose Σt is at least∣∣∣S a1
1−t
∣∣∣
g
≥ 4π a
2
1
(1− t)2
(
1− k2
(
a2
1− t
)−τ)
≥ 4πa21(1− ǫ).
Again increasing ρ0 if necessary we can be sure this is at least 36πm
2 for all ρ ≥ ρ0 and all
t ∈ [0, 1).
Thus, we may apply Theorem 16 to Ωt; in particular (19) holds. We can also now estimate
III as (using (29), (26), and (31)):
III =
(6
√
π)
4/3
4π
(4
√
πm)
∫ 1
0
V (t)4/3√
|Σt|V ′(t)
dt ≤ κ
∫ 1
0
a42
(1−t)4 (1 + ǫ)
4/3
a21
a2(1−t)2 |Σt|3/2
dt
≤ κ
(4π)3/2
∫ 1
0
a42
(1−t)4 (1 + ǫ)
4/3
a21
a2(1−t)2
a31
(1−t)3 (1− ǫ)3/2
dt
= (2m)
(1 + ǫ)4/3 a52
(1− ǫ)3/2 a51
∫ 1
0
(1− t)dt,
where
κ =
(6
√
π)
4/3
4π
(4
√
πm)
(
4π
3
)4/3
.
In particular, lim sup
ρ→∞
of III is at most (1+ǫ)
4/3
(1−ǫ)3/2m, since
a2
a1
limits to 1.
Expression IV is similar to III, except for the (favorable) additional
√
|Σt| factor in the
denominator and the (unfavorable) dependence on the isoperimetric ratio in the numerator. We
will handle this by finding an appropriate upper bound on the area of the level sets:
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Lemma 17. For any q > 0, we may increase ρ0 if necessary to ensure
|Σt| ≤ |Sρ|
(1− t)2+q
for all level sets Σt of ϕρ, and for all ρ ≥ ρ0.
Proof. We approach this by bounding the mean curvature of the level sets.
Recall that every level set Σt of ϕρ is regular. By decomposing the Laplacian of ϕρ on M
into the tangential and normal parts to Σt, we have
✘✘
✘∆Mu =
✟
✟
✟∆Σtu+Hess(ϕρ)(ν, ν) +Hν(ϕρ),
on each level set, where H = Hρt is the mean curvature of Σt and ν =
∇ϕρ
|∇ϕρ| is the unit normal
to Σt. In particular, using (21) and (22),
|Hρt (x)| =
|Hess(ϕρ)(∇ϕρ,∇ϕρ)|
|∇ϕρ|3
≤ |x|
6
a31
(
2c(ρ)3
|x|7 +
k1ρ
3
|x|7+τ
)
.
Since c(ρ)a1 limits to 1 as ρ→∞ and |x| ≥ ρ, we can increase ρ0 if necessary to assure
|Hρt (x)| ≤
2 + q2
|x| .
Using the first variation of area followed by (21) and (20),
d
dt
|Σt| =
∫
Σt
Hρt
|∇ϕρ|dA
≤
∫
Σt
(2 + q2)|x|
a1
dA
≤ (2 +
q
2)a2
(1− t)a1 |Σt|
Again increasing ρ0 and ρ if necessary, we may assume
d
dt
|Σt|g ≤ 2 + q
1− t |Σt|.
By an elementary comparison argument,
|Σt| ≤ |Σ0|
(1− t)2+q ,
and of course Σ0 = Sρ. 
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Then we can estimate:
IV =
∫ 1
0
I(t)2√|Σt| ·
V (t)4/3√|Σt|V ′(t)dt
=
1
36π
∫ 1
0
|Σt|5/2
V (t)2
· V (t)
4/3√
|Σt|V ′(t)
dt
≤ c
∫ 1
0
|Sρ|5/2(1− t)6
a61(1− t)
5
2
(2+q)
· V (t)
4/3√
|Σt|V ′(t)
dt
= O(ρ−1) · III
for some constant c independent of ρ, having used (30); applied Lemma 17 with q = 25 ; and
noted |Sρ|5/2a−61 is O(ρ−1). Thus limρ→∞ IV = 0.
Finally, to put it all together, from (16), (17), and (19),(
3|Bρ|
4π
)1/3
− cap(Bρ) ≤ II
≤ III+ IV.
Then by our estimates for III and IV,
lim sup
ρ→∞
[(
3|Bρ|
4π
)1/3
− cap(Bρ)
]
≤ (1 + ǫ)
4/3
(1− ǫ)3/2
m.
Since ǫ with arbitrary, the proof of Theorem 6 is complete (except for the proof of Lemma
18). 
It is well known that a capacitary potential in an AF manifold admits a “ 1|x|” expansion
at infinity; the following lemma used in the proof of Theorem 6 establishes a type of uniform
control on these potentials for balls as the radii run off to infinity, e.g. the error terms are
uniformly controlled modulo a factor of ρ.
Lemma 18. Let (M,g) be an asymptotically flat 3-manifold of order 12 < τ < 1. Fix a corre-
sponding AF coordinate chart on M . Then there exists ρ0 > 0, k1 > 0 such that for all ρ ≥ ρ0,
the capacitary potential ϕρ of the coordinate ball Bρ satisfies
ϕρ(x) = 1− c(ρ)|x| +Wρ(x),
where c(ρ) is the capacity of Bρ with respect to g, and
|c(ρ)− ρ| ≤ k1ρ1−τ (32)
|Wρ(x)| ≤ k1ρ|x|1+τ (33)
|∂iWρ(x)| ≤ k1ρ|x|2+τ (34)
|∂i∂jWρ(x)| ≤ k1ρ|x|3+τ . (35)
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Moreover, ∣∣∣∣Hess(ϕρ)
( ∇ϕρ
|∇ϕρ| ,
∇ϕρ
|∇ϕρ|
)
+
2c(ρ)3
|x|7
∣∣∣∣ ≤ k1ρ3|x|7+τ
Proof. We will use [34, Lemma A.2], which establishes the expansion for the potential of a fixed
set, and then extend its proof as needed. For convenience here, we will tend to work with the
opposite boundary conditions on harmonic functions, i.e. values of 1 on the inner boundary and
0 at infinity.
Let K be such that the AF coordinate chart (x1, x2, x3) is defined onM \K, and without loss
of generality assume the chart is defined for all |x| ≥ 1. Let Φ be g-harmonic outside B1 ⊃ K,
equaling 1 on ∂B1 and approaching 0 at infinity. We have by [34, Lemma A.2]
Φ(x) =
c1
|x| + E(x), (36)
for a constant c1 > 0 (equaling the capacity of B1(0)), where the error term satisfies
|E(x)| ≤ k0|x|−1−τ
for some k0 > 0.
Fix any ǫ ∈ (τ, 1). For a parameter a > 0, define
ψa(x) = aΦ(x)− 1|x|1+ǫ ,
a smooth function onM \B1. Let ∆ and ∆0 be the g- and Euclidean Laplacians. Since ∆Φ = 0,
we have:
∆ψa = ∆0
(
− 1|x|1+ǫ
)
+ (∆−∆0)
(
− 1|x|1+ǫ
)
= −ǫ(1 + ǫ)|x|−3−ǫ +O(|x|−3−τ−ǫ)
where O(|x|−3−τ−ǫ) is independent of a. In particular, for ρ0 ≥ 1 sufficiently large and indepen-
dent of a, ∆gψa ≤ 0 on M \Bρ0 . If necessary, increase ρ0 so that
1− k0
c1ρτ0
≥ 1
2
.
For any ρ ≥ ρ0, let ϕρ be the capacitary potential for Bρ, and let ϕ˜ρ = 1− ϕρ, which is also
harmonic, with the boundary values of 1 on Sρ and 0 at infinity. Choose the parameter
a =
ρ+ ρ−ǫ
c1 − k0ρ−τ > 0.
In particular for any x ∈ ∂Bρ, by (36),
ψa(x) ≥ a
(
c1
ρ
− k0
ρ1+τ
)
− ρ−1−ǫ = 1
by the choice of a. Then by the maximum principle, ψa ≥ ϕ˜ρ on M \ B˚ρ. Then again by (36),
we have for x ∈M \Bρ
ϕ˜ρ(x) ≤ ρ+ ρ
−ǫ
c1 − k0ρ−τ
(
c1
|x| +
k0
|x|1+τ
)
≤ ρ+O(ρ
1−τ )
|x| +
2k0ρ
c1|x|1+τ , (37)
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having used ǫ > τ . A similar argument shows
ϕ˜ρ(x) ≥ ρ−O(ρ
1−τ )
|x| −
2k0ρ
c1|x|1+τ . (38)
The novelty here is first that we have uniform control on the 1/|x| coefficient in terms of ρ
and second that we have uniform control on the remainder term in terms of ρ. As explained
in [34, Lemma A.2], interior Schauder estimates [21, Theorem 6.2] imply that there exists a
constant C > 0 independent of ρ such that
|∂ϕ˜ρ| ≤ Cρ|x|2 , |∂
2ϕ˜ρ| ≤ Cρ|x|3
on M \Bρ, where again the point is that we have control in terms of ρ. The same argument in
[34, Lemma A.2], but accounting for this factor of ρ, shows that
ϕ˜ρ =
c(ρ)
|x| +Wρ(x)
for a function c depending on ρ only, where
|Wρ(x)| ≤ Cρ|x|1+τ .
This expression for ϕ˜ρ, along with (37) and (38), implies (32). (Of course, ϕρ = 1− ϕ˜ρ.)
Interior Schauder estimates give (34) and (35), and it is easy to check that c(ρ) equals the
capacity of Bρ with respect to g.
Last, we address the final claim. By asymptotic flatness we have Hess(ϕρ) = Hess0(ϕρ) +
O(ρr−3−τ ). Second
∇ϕρ = ∇0ϕρ +Xρ,
where |Xρ| = O(ρr−2−τ ). In particular,
Hess(ϕρ)(∇ϕρ,∇ϕρ) = Hess0(ϕρ)(∇gϕρ,∇gϕρ) +O(ρ3r−7−τ )
= Hess0(ϕρ)(∇0ϕρ +Xρ,∇0ϕρ +Xρ) +O(ρ3r−7−τ )
= Hess0(ϕρ)(∇0ϕρ,∇0ϕρ) +O(ρ3r−7−τ )
= Hess0(ψρ)(∇0ψρ,∇0ψρ) +O(ρ3r−7−τ ),
where ψρ = 1− c(ρ)|x| is the leading part of ϕρ. It is elementary to check
Hess0(ψρ)(∇0ψρ,∇0ψρ) =
3∑
i,j=1
(ψρ)ij(ψρ)i(ψρ)j =
−2c(ρ)3
|x|7 ,
so the result follows. 
4.1. Capacity expansion for large balls. As a consequence of results proved so far, we
obtain an expansion for the capacity of a large ball in an AF manifold as a function of the
radius.
Corollary 19. Let (M,g) be an asymptotically flat 3-manifold of nonnegative scalar curvature,
with boundary either empty or minimal. Let Br be the compact region bounded by the coordinate
sphere of radius r in some AF coordinate chart. Then for large r,
cap(Br) = r +
β(r)
2r
− m
2
+ o(1),
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where β(r) is defined by (11).
The proof follows from Theorems 5 and 6, which together show the limit of the difference
between the volume radius and the capacity of Br equals m as r → ∞. The rest then follows
from the known expansion for the volume, equation (12), coming from [17]. As pointed out in
Remark 2, β(r)2r = m+ o(1) in the harmonically flat case.
4.2. Case of arbitrary exhaustions. Unfortunately, it is not clear that mCV ≤ mADM holds
in general, i.e., allowing for arbitrary exhaustions of M . That is, there could a priori be an
exhaustion for which the capacity-volume deficit is stricter than for an exhaustion by balls.
This includes two main concerns: the optimal exhaustions could a priori feature regions that
are not approximately round, and/or the regions could be far “off center.” (Recall these concerns
will be eliminated if the metric is harmonically flat at infinity; see Theorem 7.) In this section
we show two results in favor of this inequality for exhaustions that are not so symmetric.
First, we observe a corollary to Theorem 6 above that still gives an upper bound on mCV in
the case that the exhaustion is not quite by balls.
Corollary 20. Let (M,g) be an asymptotically flat 3-manifold with nonnegative scalar curva-
ture, with ∂M is empty or minimal. Let {Kj} be an exhaustion of M by compact sets with
lim sup
j→∞
(
max r|∂Kj −min r|∂Kj
) ≤ α <∞,
where r is the radial coordinate in an AF coordinate chart. Then
lim sup
j→∞
[(
3|Kj |
4π
)1/3
− cap(Kj)
]
≤ mADM (M,g) + α.
Proof. Let rj = min r|∂Kj and Rj = max r|∂Kj , so Brj ⊆ Kj ⊆ BRj . Then by monotonicity of
volume and capacity:
|Brj | ≤ |Kj | ≤ |BRj |
and
cap(Brj ) ≤ cap(Kj) ≤ cap(BRj ).
Then(
3|Kj |
4π
)1/3
− cap(Kj) ≤
[( |Brj |
4π
)1/3
− cap(Brj )
]
+
[( |BRj |
4π
)1/3
−
( |Brj |
4π
)1/3]
.
By Theorem 6, lim supj→∞ of the first bracketed term is at mostmADM(M,g). Using asymptotic
flatness, it is straightforward to show lim supj→∞ of the second term is at most α (see (27)). 
Second, we show that if an exhaustion is competitive for mCV then it must be becoming more
symmetric at infinity in a precise volumetric sense. This will use a quantitative version of the
isocapacitary inequality due to Fusco, Maggi, and Pratelli [20].
Definition 21. The Fraenkel asymmetry of a compact set Ω ⊂ R3 is defined to be
A(Ω) = inf
B
{ |Ω△B|
|B| : B is a closed ball with the same volume as Ω
}
.
Now, consider an asymptotically flat 3-manifold (M,g) with a fixed asymptotically flat co-
ordinate chart on M \ K0. If K is any compact set containing K0, we may definite A(K) in
a natural way using the Euclidean metric in the coordinate chart (this is clarified in the proof
below).
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Proposition 22. Let {Kj} be an exhaustion of an AF 3-manifold (M,g) by compact sets. Let
A(Kj) be the sequence of corresponding Fraenkel asymmetries in a fixed AF coordinate chart,
well-defined for j sufficiently large. If
lim inf
j→∞
A(Kj) > 0, (39)
then
lim sup
j→∞
[(
3|Kj |
4π
) 1
3
− cap(Kj)
]
= −∞.
In particular, for the purposes of showing “mCV (M,g) ≤ mADM(M,g)” we may without loss of
generality consider only exhaustions for which lim
j→∞
A(Kj) = 0.
Note that although A(K) depends on the chart, the value of (39) does not.
Proof. First, we note that for uniformly equivalent Riemannian metrics,
Λ−2g2 ≤ g1 ≤ Λ2g2,
on a 3-manifold, we have corresponding inequalities for the volume of a set
Λ−3|K|g2 ≤ |K|g1 ≤ Λ3|K|g2
as well as (if defined, e.g. for AF metrics) the capacity:
Λ−3 capg2(K) ≤ capg1(K) ≤ Λ3 capg2(K),
which can be seen from the co-area formula.
Now let (M,g) be an AF 3-manifold. By Lemma 11, for the purposes of evaluating mCV we
may without loss of generality assume that M is diffeomorphic to R3 and that the standard
(x1, x2, x3) coordinate system is an AF coordinate system for g. In particular, the Euclidean
metric δij is well-defined on M .
Let {Kj} be an exhaustion of M by compact sets. By asymptotic flatness we may find a
sequence of positive real numbers ǫj converging to zero such that
(1 + ǫj)
−2δ ≤ g ≤ (1 + ǫj)2δ on M \Kj.
Let vj =
(
3|Kj |0
4π
)1/3
be the Euclidean volume radius of Kj . By the quantitative isocapactiary
inequality given in [20, Theorem 1.2]
cap0(Kj)
vj
≥ 1 + cA(Kj)4
for a universal constant c. Then:(
3|Kj |g
4π
) 1
3
− capg(Kj) ≤ (1 + ǫj)vj − (1 + ǫj)−3 cap0(Kj)
≤ vj
[
1 + ǫj − (1 + ǫj)−3(1 +A(Kj)4)
]
Now, if lim inf
j→∞
A(Kj) > 0, the lim sup of the above is −∞, since ǫj → 0 and vj →∞. 
Unfortunately, this argument does not provide insight into the centering of the balls that
minimize for Kj in the definition of Fraenkel asymmetry when Kj is an optimal sequence for
mCV .
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5. Upper bound on mCV under harmonically flat asymptotics
In this section we prove Theorem 7, i.e. mCV ≤ mADM for metrics with nice asymptotics.
Definition 23. An asymptotically flat Riemannian 3-manifold (M,g) is harmonically flat at
infinity (HF) if there exists a “harmonically flat coordinate system” (x1, x2, x3) on M \K, i.e.
gij = U
4δij ,
on M \K for some function U > 0, where ∆0U = 0 and U(x)→ 1 as |x| → ∞. (Here ∆0 is the
Euclidean Laplacian on R3.)
Note the Schwarzschild manifold is HF.
It is well known that the harmonic function U appearing in Definition 23 admits an expansion
at infinity of the form:
U(x) = 1 +
m
2|x| +O(|x|
−2), (40)
where m is the ADM mass of g. The fact that ∆0U = 0 implies that g as above has zero scalar
curvature outside of K.
Proof of Theorem 7. By Lemma 11, mCV (M,g) only depends on the geometry outside of a large
compact set. Thus, we may assume without loss of generality that M is diffeomorphic to R3
and use standard coordinates (x1, x2, x3). Moreover, we may assume there exists a compact set
Ω ⊂ R3 containing the coordinate ball of radius 1, such that on M \ Ω we have
gij = U
4δij
for a δ-harmonic function U > 0 on M \ Ω that approaches 1 at infinity.
Let K be any compact set that contains Ω, with ∂K smooth. The strategy of the proof is to
compare the capacity and volume of K each with respect to δ and g, then use the isocapacitary
inequality.
For the capacity, we let ϕ0 be the capacitary potential for K with respect to δ. Since ϕ0 and
U > 0 are δ-harmonic, the function ϕ := ϕ0U
−1 on M \ K˚ is harmonic with respect to g, and
moreover has the same boundary values as ϕ0. In particular, ϕ is the capacitary potential of K
in (M,g). From this it is straightforward to show
capg(K) =
1
4π
lim
r→∞
∫
Sr
ν(ϕ)dA = cap0(K) +
m
2
. (41)
Next, for the volume, we impose the assumption that the ADM mass m is nonnegative. Let
Bρ0 be a coordinate ball in M
∼= R3 of radius ρ0 sufficiently large so that Bρ0 ⊃ Ω. Let K be
any compact set that contains Bρ0 , of sufficiently large δ-volume so that the volume radius of
K, i.e., ρk =
(
3|K|δ
4π
)1/3
, is greater than ρ0.
We proceed to find an upper bound on the g-volume of K in terms of the Euclidean volume
and the ADM mass. We have (using dx to denote dx1dx2dx3)
|K|g = |Ω|g +
∫
K\Ω
√
det(gij)dx
= |Ω|g +
∫
K\Ω
(
1 +
3m
|x| +W
)
dx
= |Kδ|+ |Ω|g − |Ω|δ +
∫
K\Ω
(
3m
|x| +W
)
dx, (42)
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where W is a continuous function on M \ Ω satisfying |W (x)| ≤ C|x|2 for a constant C > 0
depending only on g and Ω. We next estimate the integral involving W .
Note the coordinate ball Bρk about the origin contains Bρ0 . Now,
∫
K\Ω
Wdx ≤ C
∫
K\Bρ0
1
|x|2dx+ C
∫
Bρ0\Ω
1
|x|2 dx
≤ C
ρ0
∫
K\Bρ0
1
|x|dx+ C|Bρ0 |δ
≤ C
ρ0
∫
K\Ω
1
|x|dx+C|Bρ0 |δ
since Ω ⊃ B1. Continuing (42) we have
|K|g ≤ |K|δ + |Ω|g − |Ω|δ + C|Bρ0 |+
∫
K\Ω
(
3m+ C/ρ0
|x|
)
dx.
For this integral, we take advantage of the fact that the integrand is rotationally symmetric and
decreasing as a function of the radius, as m ≥ 0. In particular, since Bρk by construction has
the same Euclidean volume as K, and since Bρk and K contain Ω, we claim∫
K\Ω
(
3m+ C/ρ0
|x|
)
dx ≤
∫
Bρk\Ω
(
3m+ C/ρ0
|x|
)
dx.
This can be verified readily; let f(r) stand for the integrand. Since |K|δ = |Bρk |δ, we have
|K \Bρk |δ = |Bρk \K|δ. Then∫
K\Ω
f(r)dx =
∫
(K∩Bρk )\Ω
f(r)dx+
∫
K\Bρk
f(r)dx
≤
∫
(K∩Bρk )\Ω
f(r)dx+ f(ρk)
∫
K\Bρk
dx
=
∫
(K∩Bρk )\Ω
f(r)dx+ f(ρk)|Bρk \K|
≤
∫
(K∩Bρk )\Ω
f(r)dx+
∫
Bρk\K
f(r)dx,
which proves the claim.
Continuing on,
|K|g ≤ |K|δ + |Ω|g − |Ω|δ + C|Bρ0 |+
∫
Bρk\Bρ0
(
3m+ C/ρ0
|x|
)
dx+
∫
Bρ0\Ω
(
3m+ C/ρ0
|x|
)
dx.
The first integral is easily evaluated; for the second we can bound above by (3m+ C/ρ0)|Bρ0 |.
Doing so (and using the definition of ρk), we obtain:
|K|g ≤ |K|δ + |Ω|g − |Ω|δ + (C + 3m+ C/ρ0)|Bρ0 |+ 2π(3m+ C/ρ0)
(
3|K|δ
4π
)2/3
.
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Then for a constant Λ independent of K (depending on C, m, Ω, and ρ0), we have:
|K|g ≤ |K|δ
[
1 + Λ|Kδ |−1 + 2π(3m + C/ρ0)
(
3
4π
)2/3
|K|−1/3δ
]
,
so
|K|1/3g ≤ |K|1/3δ
[
1 +
2π
3
(3m+ C/ρ0)
(
3
4π
)2/3
|K|−1/3δ +O(|K|−2/3δ )
]
.
In particular, we may estimate the volume radius of K with respect to g:(
3|K|g
4π
)1/3
≤
(
3|K|δ
4π
)1/3
+
3m
2
+
C
2ρ0
+O(|K|−1/3δ ).
Using this inequality along with (41) and the Euclidean isocapacitary inequality, we have(
3|K|g
4π
)1/3
− capg(K) ≤ m+
C
2ρ0
+O(|K|−1/3δ ).
In particular, if Kj is an exhaustion of R
3 by compact sets with smooth boundary, then for
j sufficiently large, the hypotheses on K are met (that is, Kj contains Bρ0 and |Kj |δ grows
arbitrarily large). Then
lim sup
j→∞
[(
3|Kj |g
4π
)1/3
− capg(Kj)
]
≤ m+ C
2ρ0
.
Since ρ0 can be arbitrarily large, this lim sup is at mostm. In particular, mCV ≤ mADM , having
used Lemma 12(b). 
6. Capacity-volume mass in lower regularity
A major source of motivation for studying the isocapacitary mass is the desire to generalize
the ADM mass to lower regularity settings. The discussion below includes some indication that
capacity behaves more favorably than area in low regularity.
We first recall that the capacity continues to be well-defined even if (M,g) is merely C0
asymptotically flat, i.e. if M is smooth, g is a C0 Riemannian metric on M , and outside of a
compact set we have coordinates (x1, x2, x3) so that
gij = δij +O(|x|−q) (43)
for some q > 0 [31]. In particular, Definition 4 of mCV continues to make sense for such
spaces, just as Huisken’s isoperimetric mass does. A natural question is whether miso and mCV
necessarily agree for C0 AF metrics of positive mass, i.e. without assuming smoothness, but we
do not pursue this here.
We point out it is not difficult to show that if M is a smooth manifold equipped with a
sequence of C0 AF metrics {gi} that converge locally uniformly to a C0 AF metric g, then for
any fixed compact set K ⊂M ,
capg(K) ≥ lim sup
i→∞
capgi(K), (44)
and of course |K|gi → |K|g. In particular, the quasi-local quantity
(
3|K|
4π
)1/3
− cap(K) is lower
semicontinuous under such convergence for a fixed K. Thus any jump in its value “goes the
right way” for trying to prove lower semicontinuity of mass as in [29,31,32]. We also expect this
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to continue to hold for weaker notions of convergence, particularly Sormani–Wenger intrinsic
flat volume (VF) convergence [43]. Note that VF convergence was used in [32], and it required
significant work to address the fact that the isoperimetric mass expression
2
|∂K|
(
|K| − 1
6
√
π
|∂K|3/2
)
.
is not always well behaved under VF ; that is, the perimeter can drop in a limit, which “goes
the wrong way” for proving lower semicontinuity of mass. In other words, there is reason to
believe the capacity-volume mass may be better behaved than the isoperimetric mass under low
regularity convergence.
It is also worth pointing out that volume and capacity share a basic property that perimeter
lacks: monotonicity under set inclusion. This was useful, for example, in Corollary 20.
Next, we discuss Lp convergence of Riemannian metrics, restricting to limits that are con-
tinuous to avoid technical difficulties of working with almost-everywhere defined metrics. We
refer the reader to Allen and Sormani’s recent paper that includes results and examples relat-
ing Lp convergence of metric tensors to Gromov–Hausdorff and Sormani–Wenger intrinsic flat
convergence [2].
Fix a C0 AF Riemannian 3-manifold (M,g), and let {gi} be a sequence of C0 AF metrics on
M . Of course, for a compact set K ⊂ M , the capacity and volume of K are well-defined with
respect to g and gi.
Proposition 24. If gi → g in Lploc(M) for p ≥ 3 and gi ≥ g pointwise, then
lim
i→∞
|K|gi = |K|g
and
lim sup
i→∞
capgi(K) ≤ capg(K),
i.e. the volume and capacity are continuous and upper semicontinuous, respectively.
The first claim was proved in [2, Theorem 4.3]. We remark that the condition gi ≥ g alone
does not imply an inequality between capgi(K) and capg(K).
Proof. First, we recall how the Lp norm is defined for Riemannian metrics, following [2]. Let
λ21 ≥ λ22 ≥ λ23 > 0 denote the eigenvalues of gi with respect to g at a point. Let |gi|g =√
λ21 + λ
2
2 + λ
2
3, and, for a compact set C ⊂M
‖gi‖Lpg(C) =
(∫
C
|gi|pgdVg
) 1
p
.
In particular, if gi → g in Lploc for p ≥ 3, then
‖gi‖L3g(C) → ‖g‖L3g(C) =
√
3 (|C|g)
1
3 .
We recall the proof from [2, Theorem 4.3] of the first claim, which follows from the trace-
determinant inequality. Letting Fi be the product of the eigenvalues of gi with respect to g, we
have
|K|gi =
∫
K
√
FidVg
≤ 1
33/2
∫
K
|gi|3dVg
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which converges to |K|g. The reverse inequality follows from the pointwise condition on gi.
For the second claim, begin with a test function φ for capg(K) that comes within ǫ of the
infimum. By a cutoff argument, we may assume dφ has compact support, call it C. By the
pointwise lower bound on gi, we have the upper bound |∇φ|gi ≤ |∇φ|g. Then:
4π capgi(K) ≤
∫
M
|∇φ|2gidVgi
=
∫
C
|∇φ|2gi
√
FidVg
≤
∫
C
|∇φ|2 1
33/2
|gi|3dVg.
Since φ is Lipschitz on C we see this integral converges to
∫
C |∇φ|2dVg. Thus,
lim sup
i→∞
capgi(K) ≤
1
4π
∫
C
|∇φ|2dVg
≤ capg(K) + ǫ.
Since ǫ was arbitrary, the proof is complete. 
By contrast, under the hypotheses in the proposition, the perimeter can “jump down,” as
simple conformal examples where the gi are much larger than g on a thin shell around ∂K show.
Again, this behavior “goes the wrong way.”
In future work, we will extend the definition of mCV to a class of “asymptotically flat” metric
measure spaces that lack Riemannian structure.
7. Some conjectures
The main question left unanswered here is whether mCV ≤ mADM holds in full generality,
i.e. under the hypotheses of Theorem 6. Below, we discuss one approach to attacking this and
propose some conjectures that may have independent interest.
Consider a bounded region Ω in an asymptotically flat 3-manifold (M,g), with S = ∂Ω
smooth. Then Ω is a critical point for capacity among nearby regions of the same volume if and
only if the capacitary potential ϕ for Ω has constant normal derivative on S:
∂ϕ
∂ν
∣∣∣∣
S
= const.
Such surfaces arise as solutions to D. Bernoulli’s free boundary problem; typically this problem
involves one fixed boundary, and the free (interior or exterior) boundary is sought to make the
above equation satisfied for a harmonic function with Dirichlet boundary values of 0 and 1. We
refer the reader to [18] for example, which includes many references and several interpretations
of such surfaces from classical physics.
In our case, the fixed boundary is at infinity in the asymptotically flat end. For convenience,
we give:
Definition 25. Let (M,g) be an asymptotically flat 3-manifold. A surface S = ∂A for a
compact set A is a Bernoulli surface (relative to infinity) if there exists a harmonic function
u on M \ A, approaching 1 at infinity, equaling zero on S, and such that ∂u∂ν is constant on S
(where S is the unit normal pointing into M \A.
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Of course, the Bernoulli condition (unlike constant mean curvature, for example) is non-local.
Examples of Bernoulli surfaces include spheres in Euclidean space and r = constant coordinate
spheres in rotationally symmetric asymptotically flat manifolds.
The following conjectures are inspired by the analogous results for constant mean curvature
surfaces and large isoperimetric regions. First, recall that an AF 3-manifold with nonnegative
scalar curvature and positive ADM mass admits a unique foliation on the complement of a
compact set by stable CMC surfaces. This problem began with Huisken and Yau [27] and
culminated in an optimal result by Nerz [36]. We refer the reader to Appendix A of [14] and to
[36] for additional references and precise statements.
Conjecture 26. Let (M,g) be an asymptotically flat 3-manifold with nonnegative scalar cur-
vature and positive ADM mass. Then there exists a compact set K such that M \K is foliated
by Bernoulli surfaces of spherical topology.
Some results are already known regarding foliations by Bernoulli surfaces (relative to some
fixed surface rather than infinity). We refer the reader to an early paper on this topic by Acker
[1] and a paper by Henrot and Onodera [22] for some recent results and many references.
Chodosh, Eichmair, Shi, and Yu showed that for V > 0 sufficiently large, there is a unique
isoperimetric region ΩV with volume V in an AF 3-manifold of nonnegative scalar curvature
with mADM > 0 (whose boundary is empty or else consists of minimal surfaces), and moreover
∂ΩV consists of ∂M and a leaf of the canonical foliation by CMC surfaces [14, Theorem 1.1].
By analogy, we conjecture:
Conjecture 27. Let (M,g) be an asymptotically flat 3-manifold with nonnegative scalar cur-
vature and positive ADM mass. Assume ∂M is empty or minimal. Then for V > 0 sufficiently
large there exists a unique compact region containing ∂M with volume V whose capacity is
minimized among such regions.
If both of these conjectures were true, it would then be expected that the boundary of the
minimizer in Conjecture 27 is the union of ∂M and a leaf of the foliation in Conjecture 26. At
that point, if the foliation were sufficiently asymptotically round, then the conjectured inequality
mCV ≤ mADM should follow, perhaps as in Corollary 20.
8. Appendix: facts regarding Huisken’s isoperimetric mass
8.1. The error term in isoperimetric mass estimate. The constant “C” appearing in
Theorem 16 was not made explicit in [31], though this is readily done below. Recall that in the
proof of Theorem 6 we required knowledge of the dependence of C on I0.
Lemma 28. In Theorem 16, the constant C can be chosen to be γ0µ
2
0(1 + I
2
0c
−3
0 ), where γ0 is
a universal constant.
Proof. For m ≥ 0, let φm(A) : [16πm2,∞) → [0,∞) denote the volume bounded between the
horizon and the rotationally symmetric sphere of area A in the Schwarzschild manifold of mass
m. (Note the area of the horizon is 16πm2.) Huisken’s definition of isoperimetric mass was
motivated by his observation that
lim
A→∞
2
A
(
φm(A)− A
3/2
6
√
π
)
= m.
A proof of this appears in [31, Lemma 10], where it is also observed that the limit is uniform
among different values of m, given an upper bound on such m. An examination of this proof
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makes it clear that there exists a constant γ independent of m and A such that
2
A
(
φm(A)− A
3/2
6
√
π
)
≤ m+ γm
2
√
A
. (45)
Now in [31, eqn. (13)], the first inequality below is established for Ω satisfying the hypotheses
of Theorem 16; we extend it using (45), as well as m ≤ µ0, and |∂Ω| ≥ 36πµ20. Here m is the
ADM mass of (M,g).
2
|∂Ω|
(
|Ω| − |∂Ω|
3/2
6
√
π
)
≤ 2|∂Ω|
(
φm(|∂Ω|) − |∂Ω|
3/2
6
√
π
+ c−30 (36πµ
2
0)
3/2I20
)
≤ m+ γµ
2
0√
|∂Ω| +
2c−30 (36πµ
2
0)I
2
0√
|∂Ω|
which implies the claim. (Note the isoperimetric ratio in [31] does not include the normalizing
factor 1
6
√
π
but this only affects the universal constant.) 
8.2. Alternative formula for isoperimetric mass. One might wonder whether Huisken’s
formula for the isoperimetric mass could be rewritten using the difference between the volume
radius and the area radius, similar to expression (5) for mCV . We briefly confirm this here.
Proposition 29. Let (M,g) be a C0 asymptotically flat manifold (as in (43)). Then:
miso(M,g) = 2 sup
{Kj}
lim sup
j→∞
[(
3|Kj |g
4π
)1/3
−
( |∂∗Kj |g
4π
)1/2]
. (46)
Proof. The proof is very similar to that of Lemma 10; one shows that in the definition of miso,
one may restrict to exhaustions {Kj} such that
lim
j→∞
|∂∗Kj |3/2
|Kj | = 6
√
π.
This follows from the C0 asymptotic flatness and the Euclidean isoperimetric inequality, as well
as the argument in [31, Lemma 16] to show that a suboptimal competing exhaustion can be
improved by replacement with large balls. At that point, the term appearing in the definition
of miso is factored as a difference of cubes, and the result follows. 
The factor of 2 appearing in (46) but not in the definition of mCV can be explained as follows.
In the Schwarzschild space of mass m, for a coordinate ball of radius r, the volume radius is
r + 32m+O(r
−1), the area radius is r +m+O(r−1), and the capacity is r + m2 +O(r
−1).
8.3. Higher dimensional formula. Here we collect the analogous definitions for miso and
mCV in higher dimensions. The ADM mass of an asymptotically flat n-manifold, n ≥ 3 (see
[11] for example) is given by
mADM (M,g) = lim
r→∞
1
2(n− 1)ωn−1
∫
Sr
(∂igij − ∂jgii) x
j
|x|dA,
where ωn−1 is the hypersurface area of the unit (n− 1)-sphere, and the Schwarzschild metric of
mass m is given by
gij =
(
1 +
m
2|x|n−2
) 4
n−2
δij .
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Capacity is defined as in (3), except with the 4π replaced with (n − 2)ωn−1. Direct calcu-
lation, similar to Proposition 13, gives the volume, area, and capacity of coordinate balls in
Schwarzschild:
V (r) = βnr
n +
nωn−1
2(n − 2)mr
2 +O(r),
A(r) = ωn−1rn−1 +
(n− 1)ωn−1
n− 2 mr +O(1),
cap(Br) = r
n−2 +
m
2
,
where βn =
ωn−1
n is the volume of the unit n-ball. Using these, the natural generalization of
Huisken’s definition to dimension n ≥ 3 is seen to be:
miso(M,g) = sup
{Kj}
lim sup
j→∞
2
ωn−1
(
ωn−1
|∂∗Kj |
) 2
n−1
(
|Kj | − 1
n(ωn−1)
1
n−1
|∂∗Kj |
n
n−1
)
. (47)
(Note that the difference in the volume and area radii (as in (46)) for Schwarzschild is O(r3−n),
so that expression does not limit to a nonzero multiple of the mass if n > 3.)
Similar calculations motivate the following definition for the capacity-volume mass in dimen-
sion n ≥ 3:
mCV (M,g) =
2(n− 2)
(n− 1)ωn−1 cap(Kj)
2
n−2
(
|Kj | − βn cap(Kj)
n
n−2
)
. (48)
From Bray’s proof that the coordinate balls in Schwarzschild manifolds of positive mass are
isoperimetric regions [8] and the higher-dimensional generalization due to Bray and Morgan
[13], it follows that miso = mADM for m > 0 Schwarzschild. Using the Bray–Morgan result
in the proof of the isocapacitary inequality for Schwarzschild by Mantoulidis, Miao, and Tam
[34, Theorem 1.10] (which was for n = 3), we also have mCV = mADM for m > 0 Schwarzschild
in dimension n ≥ 3.
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